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Cosmological Acceleration with a Wormhole
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In this paper, we study the accelerating cosmological model with a static traversable wormhole.
In this model, the phantom energy is considered as the engine of the acceleration of the universe. It
is shown that the time to the ‘Big Rip’, by using the phantom energy, will be delayed for a sufficient
wormhole distribution.
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II. COSMOLOGICAL MODEL WITH A
WORMHOLE

I. INTRODUCTION
The wormhole has a structure which is given by
two asymptotically flat regions and a bridge connecting
these two regions [1]. For the Lorentzian wormhole to
be traversable, it requires exotic matter which violates
known energy conditions. To find reasonable models,
there have been studies on generalized models of the
wormhole with other matter and/or in various geometries. Among the models, the matter or waves in the
wormhole geometry and their effects, such as radiation,
are very interesting to us. The scalar field could be considered in wormhole geometry as primary and auxiliary
effects [2]. The gravitational perturbation of the wormhole was also studied [3].
Recent data on supernova showed that our universe
is being accelerated nowadays by so-called dark energy,
and whose nature has not been identified yet, though it
constitutes two thirds of our universe [4]. Like the exotic matter, the dark energy violate the ‘strong energy
condition’. Thus, it can be naturally considered and analyzed by using a combined model of the wormhole and
dark energy. The general form of the accelerating cosmological model with a wormhole is needed to see the
effect of the wormhole and the dynamical behavior of
the cosmological model. Similar works on a wormhole
and phantom energy, a special form of dark energy, were
done [5]. Their solutions’ idea came from the model of
phantom energy accretion onto a black hole by Babichev
et al. [6]. There are also other models of a wormhole
made by phantom energy [7].
In this paper, we study the accelerating cosmological
model with a wormhole and consider the role of wormhole in the acceleration and the other physical properties.
Here, we adopt geometrical units, i.e., G = c = ~ = 1.
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The spacetime metric for a cosmological model with a
static wormhole is given as [8]

dr2
2
2Φ(r) 2
2
ds = −e
dt + R (t)
1 − κr2 − b(r)/r

+r2 (dθ2 + sin2 θdφ2 ) ,
(1)
where Φ(r) is the lapse function and b(r) is the wormhole
shape function. They are assumed to depend on r only
for the static wormhole case while the time dependency is
in the scale factor R(t) only. This is constructed by combining simply two spacetime metrics: the static wormhole spacetime and the Friedmann-Robertson-Walker
(FRW) spacetime. This combination is analogous to the
case of the Schwarzschild-de Sitter spacetime, which is
constructed by using the Schwarzschild and the de Sitter
metrics. Here, R(t) is the scale factor of the universe,
and κ is the sign of the curvature of spacetime. In this
case, the spacetime is a rather asymptotically FRW cosmology, and that seems not to be wrong, even though
the wormhole is assumed to be asymptotically flat. The
reason is that the cosmological model with a traversable
wormhole is considered here.
The Einstein equations for Φ = 0 can be written as
"
#
1 3(Ṙ2 + κ)
1 b0
ρ(r, t) = −
+ 2 2 ,
(2)
8π
R2
R r
"
#
1
R̈ (Ṙ2 + κ)
1 b
τ (r, t) =
2 +
+ 2 3 ,
(3)
8π
R
R2
R r
"

#
1
R̈ (Ṙ2 + κ)
1
b
b0
P (r, t) =
−2 −
+
− 2
,
8π
R
R2
2R2 r3
r
(4)
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helps us to solve Einstein’s equations:
R2 (t)ρ(r, t) = R2 (t)ρc (t) + ρw (r),
R2 (t)τ (r, t) = R2 (t)τc (t) + τw (r),
R2 (t)P (r, t) = R2 (t)Pc (t) + Pw (r).

(7)
(8)
(9)

The subscript ‘c’ indicates the cosmological part depends
on time only and ‘w’ indicates the wormhole part depends on space only. That is, ρc , τc , and Pc describe the
matter distribution of the universe without any wormhole. Therefore, because of the isotropy of the cosmological part, τc (t) = −Pc (t).
The Einstein’s equations with κ = 0 are
b0 (r)
3 2
− ρw (r) = l,
Ṙ =
8π
8πr2
1
b(r)
R 2 τc −
− τw (r) = m,
(2RR̈ + Ṙ2 ) =
8π
8πr3
1
R2 Pc +
(2RR̈ + Ṙ2 )
8π

1 1 b(r) b0 (r)
−
=
− Pw (r) = n,
8π 2
r3
r2
R 2 ρc −

Fig. 1. Plot of ρ in terms of R for ω = − 23 , −1 and − 43 from
the top. The dotted lines denote the first term in Eq. (2.14),
and the dashed line the second R−2 term.

where ρ(r, t) = Tt̂t̂ is the energy density, τ (r, t) = −Tr̂r̂
is the surface tension, and P (r, t) = Tθ̂θ̂ is the pressure
in the orthonormal frame ı̂̂. A prime denotes differentiation with respect to r, and an overdot denotes differentiation with respect to t. In the isotropic case, as in
the FRW cosmological model, it is certain that τ = −P .
However, in general, the relation is not satisfied for the
case of a spacetime including a wormhole, because of the
wormhole breaks isotropy. Here, there are only diagonal terms in Einstein’s equations while there can be offdiagonal terms, such as Tt̂r̂ , when Φ(r, t) and b(r, t) depend on both t and r. The conservation laws, T µ ν;µ = 0,
become
ρ̇ + (3ρ + 2P − τ )
τ 0 + (P + τ )

Ṙ
= 0,
R

2
= 0.
r

(5)
(6)

Since the matter terms ρ, τ, and P depend on both t
and r, the following ansatz for the matter parts readily

(10)
(11)

(12)

where l, m, and n are the separation constants and are
independent of both t and r. Here, m = −n by the relationship τc = −Pc . The separation constants q, l, m, and
n are also determined by using the wormhole matter distribution. Since our universe is nearly flat, the curvature
term is assumed to vanish.
The first conservation law becomes
"
#
Ṙ
R3
ρ̇c + (3ρc + 2Pc − τc )
= s.
(13)
R
Ṙ
From this law, we can get the scale factor dependence of
the cosmic density ρc as
s
ρc = aR−3(1+ω) +
R−2 .
(14)
1 + 3ω
Here, ω is the ratio of the pressure to the energy density,
i.e., P = ωρ, and a is a proper integration constant. The
second term of Eq. (2.14) says that the cosmic matter
density is affected by the wormhole. It is natural for the
positive definite s/(1 + 3ω) to be larger than a when the
wormhole effect is dominant. If the separation constant
s vanishes, the R dependency of ρc becomes just like it
is in the FRW case. Fig. 1 shows the R dependence
of the density ρc when ω = −2/3, −1, and −4/3 under
the assumption of the positiveness of both a and s/(1 +
3ω). The choice of ω in Fig. 1 provides the three cases:
ω < −1/3, ω = −1, and ω < −1. For the accelerating
model, ω < − 31 , and when ω = −1, it is the cosmological
constant. If ω < −1 it is the so-called, ‘phantom energy.’
For the case of the phantom energy, the density diverges
when R grows, unlike the cases in other models of the
dark energy.
From Eq. (10),


8π
l
ρc − 2
H2 =
3
R
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(15) in terms of H02 ,
H2
= Ωde R−3(1+ω) + Ωw R−2 .
H02

Here, Ωde and Ωw are the ratios of the dark energy density and the wormhole density to the critical density.
In the early universe, ω = 1/3, the radiationdominated era, and the first term depends on R−4 . Next
is the matter-dominated era, ω = 0, and the first term
depends on R−3 . If we integrate this, we obtain the time
dependence of the scale factor R as


p
1 1 1
Ωde k
H 0 Ω w t = R × 2 F1
, , + 1, −
R , (19)
k 2 2
Ωw

Fig. 2. Plot of the t vs. R for ω = − 32 , −1 and − 43 .

Fig. 3. Plot of the t vs. R for three ratios of Ωde /Ωw = 10γ
when ω = − 34 .


8π  −3(1+ω)
=
aR
+ s∗ R−2 ,
3

(15)

where H = Ṙ/R and s∗ = q/(1 + 3ω) − l. When we
compare this with the case of the multi-component model
with curvature, s∗ plays the role of −κ. The additional
term that comes from the ansatz Eqs. (7)-(9) shows
the R−2 dependency, which means that the curvature is
affected by the wormhole even though the universe is flat,
κ = 0. This indicates that the wormhole has a non-flat
effect on the multiple component universe, which shows
the non-trivial topology.
If we add three times Eq. (12) to Eq. (10)
3 R̈
= −(1 + 3ω)ρc + (l + 3n)R−2
4π R
= −(1 + 3ω)aR−3(1+ω) .

(18)

(16)

This shows that apparently the acceleration is not affected by wormhole, and has the same form as in the
FRW case. However, when we inspect the deceleration
parameter defined by q = −R̈R/Ṙ2 , the result will be
clearer than it is in Eq. (16), which shows that the wormhole apparently has no effect:

−1
1
1
s∗
q=
+
R−5−3ω
.
(17)
2 1 + 3ω a(1 + 3ω)
In Eq. (17), there is the definite effect of the wormhole
on the acceleration of the universe. When we rewrite Eq.

where k = −(1 + 3ω). Here, 2 F1 (....) is the hypergeometric function. Fig. 2 shows the R vs. t curves for
ω = −2/3, −1, and −4/3. As we see, the scale factor
R diverges at finite time for the case of ω = −4/3, the
phantom energy only. This is called the ‘Big Rip’ [9].
The other solutions for ω = 1/3 and 0 are
r
p
Ωde
1
+ R2 , for ω = ,
(20)
H 0 Ωw t =
Ωw
3
r
p
Ωde
H0 Ωw t = R × log R +
R + R2 ,
Ωw
for

ω = 0.

(21)

Fig. 3 shows the R − t relation for γ = 0, 1, 2, where
Ωde /Ωw = 10γ . In this figure, R diverges at finite time
in all cases; however, the larger Ωw , the later the big rip
time. The wormhole sector is shown to hold the ‘Big
Rip’ given by the phantom energy when Ωw  Ωde . In
the case of wormhole with a small density, the phantom
energy cause the big rip without any obstacle. Consequently, our result shows that the wormhole may delay
the big rip time.

III. CONCLUSION
In this paper, we studied the accelerating cosmological model with a traversable wormhole in the center. We
showed that the wormhole played the role of the curvature even though the universe is flat. The acceleration
will not be directly affected by the wormhole while the
velocity will be changed by the wormhole. However, a
wormhole effect appears in the deceleration parameter.
When we examine the exact solution to the scale factor, we found that a large wormhole could delay the ‘Big
Rip’.
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