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Observation of a Wavelength-Dependent Shift of the Extinction Angle
of Polarizers in Spectroscopic Ellipsometry
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We have investigated the effect of imperfectly manufactured prisms on ellipsometric measurements. We observed that some prisms showed a strong wavelength dependence in their extinction
angles. To investigate this effect, assuming it’s from optical activity in the quartz Rochon prism,
we performed a Jones matrix calculation of the system. The result showed that the optical activity
in the prism itself could not cause this kind of shift if it were well manufactured. However, we
found that a mixture of ordinary and extraordinary waves could produce a wavelength-dependent
shift, which might be caused by imperfect manufacturing of the prisms.
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I. INTRODUCTION

II. EXPERIMENTALS

Ellipsometry is a branch of optical spectroscopy
that deals with the measurement and interpretation of
changes in polarization states in terms of some physical
properties of the material [1–5]. Therefore, the polarizer, which creates and measures polarized light, plays
the most important role in ellipsometry, where the accuracy of the rotation angle must be well below 0.01◦ .
Even though we usually assume that the prisms are perfect in the analysis of our experimental data, there could
always be some errors caused by imperfect manufacturing. Therefore, we need to be careful about these errors
and correct for them before measurements by precise
calibration. However, there has been no special effort
to diagnose the errors of prisms, except for one report
on the variation of the extinction angle with the wavelength of the light, where in some quartz Rochon prisms,
the angle of the extinction point depended on the wavelength [6]. Since quartz has optical activity that varies
with the wavelength of light, one can possibly assume
that the wavelength dependence of the extinction angle
is from optical activity. A previous study mentioned it,
but showed no systematic analysis [6]. In this work, we
show that misalignment and imperfect manufacturing of
the prisms might cause a mixture of normal modes of two
orthogonally polarized light beams, which could explain
the wavelength-dependent extinction angle for the first
time.

To check the wavelength-independent polarization
state, we placed one of our prisms at the polarizer position after the monochromator while we placed the other
at the analyzer position in a straight-through configuration, as shown in Fig. 1. The light from the source
becomes a monochromatic beam after passing through
the monochromator, and it is separated into ordinary
(o-ray) and extraordinary rays (e-ray) at the center of
the polarizer. o-ray passes through a suitable aperture
to reach the analyzer. Passing through the analyzer, the
o-ray reaches the photomultiplier tube (PMT) that measures the intensity of the light while the e-ray is blocked.
For a fixed polarizer, the analyzer angle was varied from
−6◦ to 6◦ around the extinction angle by using a stepping motor in steps of 0.01◦ or 0.02◦ to get the extinction
angle where the PMT received the minimum intensity.
Fig. 2 shows typical data (open circles) obtained with
a MgF2 Rochon polarizer and a calcite analyzer at 2.5
eV. Only a few data are shown for clarity. Exactly speak-
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Fig. 1. Setup for detecting the wavelength-dependent polarization state.
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Fig. 2. Variation of the intensity with the analyzer angle
for a fixed polarizer.

ing, the x-axis represents the difference between the polarizer angle (P) and the analyzer angle (A). When the
angle between the polarization axes of the polarizer and
the analyzer is 0◦ , the intensity measured by PMT is at
a maximum while when the angle is 90◦ , the intensity is
at a minimum because the light cannot go through the
analyzer. At around θ = A − P = 90◦ , the intensity
after passing through the analyzer prism is proportional
to cos2 θ, and when φ is small enough, it could be represented by
I = E0 2 cos2 θ = E0 2 cos2 (90◦ + φ)
= E0 2 sin2 φ ' E0 2 φ2 , φ ¿ 1.

(1)

Therefore, we determined the extinction angle by fitting
the data to a quadratic equation, which is drawn as a
solid line in Fig. 2. We used Rochon prisms operating
at 130 nm – 7 µm and calcite prisms operating at 250
nm – 2.2 µm, so we set the spectral range from about 2
eV to 5 eV. The light source was a 75 W Xenon lamp.

III. RESULTS
1. Data

Fig. 3 shows the shifts of the extinction angles at
different wavelengths for four cases. The solid triangles were obtained with a MgF2 Rochon polarizer and a
quartz Rochon analyzer which had optical activity. Each
of the extinction angles of the y-axis in Fig. 3 corresponds to the x-value in Fig. 2 where the light intensity
is minimum. As Fig. 3 shows, the solid triangles have a
strong dependence on energy. Since the optical activity
in quartz depends on the photon energy, it is natural to
consider this phenomenon to be a result of optical activity. However, the open circles in Fig. 3, which are

Fig. 3. Shifts of the extinction angles at different wavelengths for the cases of Rochon (R) and Glan-Thompson (G)
prisms with several prism materials, such as MgF2 , quartz,
and calcite.

data obtained with a MgF2 Rochon polarizer and analyzer, which do not have optical activity, also show a clear
quadratic dependence on energy, indicating the possibility of other factors. The solid circles, which were measured with a calcite polarizer and analyzer of no optical
activity show that the extinction angle is independent
of energy. However, the open triangles measured with a
quartz Rochon polarizer and a calcite analyzer show that
the extinction angle is independent of energy, confirming
experimentally that optical activity in quartz does not
play a major role in this phenomenon.

2. Calculation

To analyze and explain the energy dependence of the
extinction angle, we used the Jones matrix method to
calculate the intensity variation at the PMT. According to Ref. 7, the normal modes of an optically active
crystal-quartz Rochon prism have the form
Eu = Eu (x̂ + iγ ŷ),
Ev = Ev (ŷ + iγ x̂),

(2)
(3)

where Eu and Ev are complex amplitudes, |γ| ¿ 1 is the
optical-activity coefficient, and x̂ and ŷ are unit vectors.
If these unit vectors form a right-handed orthogonal set
with ẑ, which is oriented in the direction of propagation of the light, and if Eu represents the transmitted
mode, then x̂ and ŷ are perpendicular and parallel, respectively, to the optic axis of the entrance half of the
analyzer prism. The coefficient γ is positive for righthanded and negative for left-handed crystal quartz for
the time convention e−iωt . |γ| has the measured dispersion
|γ| = 0.0010(~ω/eV ),

(4)
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where ~ω is the photon energy. Then, the Jones matrix
of the configuration in Fig. 2 with an optically active
polarizer and analyzer is as follows:
µ ¶ µ
¶µ
¶
Eu
1 −iγA
cos A sin A
=
0 0
− sin A cos A
Ev
µ
¶µ
¶
1
cos P − sin P
×
E0 .
(5)
sin P cos P
iγP
Flux I, which reaches the PMT, is proportional to the
square of the o-ray Eu . When γP = 0, for example, the
intensity comes to be
2
2
I ∼ {1 − γA
(ω)} cos2 (A − P ) + γA
(ω).

(6)

For the case of γA = 0, the result is similar. The above
equation shows that the extinction angle, which corresponds to the value of A − P should not be changed
by the optical activity coefficient γ(ω) at different wavelengths. Instead, different values of optical activity can
only cause a change in the curvature and the minimum
intensity value of the parabola in Fig. 2. When both
γP and γA are nonzero, the intensity equation comes to
be more complex, but still shows no shift with photon
energy, which we confirmed. We present the γP = 0 case
in this paper for the sake of convenience. Therefore,
a perfectly aligned system with perfectly manufactured
prisms should not have wavelength dependence.
To model misalignment, we considered a case in which
the e-ray after the analyzer could reach the PMT, too.
The Jones matrix for this e-ray, Ev , is
µ ¶ µ
¶µ
¶
Eu
0 0
cos A sin A
=
−iγA 1
− sin A cos A
Ev
µ
¶µ
¶
1
cos P − sin P
×
E0 .
(7)
sin P cos P
iγP
The intensity I, comes to be
2
I ∼ {γA
(ω) − 1} cos2 (A − P ) + 1

(8)
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Some part of this light in Eq. (10) should then be included into the o-ray of Eq. (5). If the ratio of this ray
to the original ray is a, the total intensity at the PMT
will be
2
2
I = |Eu + aEu0 |2 ∼ (a2 − a2 γA
+ γA
− 1) sin2 (A − P )
2
2
+(a − aγA
) sin2 (A − P ) + a2 γA
+1
(11)

when γP = 0. Eq. (11) now tells us that a shift of
the extinction angle is possible because we now have a
first-order term in the angle in the parabolic equation.

3. Discussions

A careful look at Eq. (11) shows that the role of the
value a, which represents the amount of mixture of the
e-ray, is very important in the shift of the extinction angle. When a = 0, for which the e-ray is not mixed with
o-ray at all, Eq. (11) gives no wavelength-dependent
shift. However, once a is nonzero, the optical activity
parameter γ starts to be effective. Therefore, this study
shows that the mixture of the e-ray and the o-ray might
be the main cause of this shift, contrary to the general
assumption that the wavelength dependence is from optical activity in the prism. To see if the mixture of the
e-ray can cause the shift we observed in the data, we put
γP = 0 and γA = 0.001 for several a values. The result
is shown in Fig. 4 and proves that only a 0.3 % mixture
of the e-ray can produce a 0.2◦ shift in the extinction
angle.
To understand the wavelength dependence better, we
investigated the spectral dependence of the refractive index of a prism. Fig. 5(a) shows the refractive indices of
MgF2 and crystal quartz [8]. The solid and the dotted
lines show no and ne , respectively. Both materials are
anisotropic and have ordinary and extraordinary refractive indices. From these values, we calculated the quartz

when γP = 0. Now if some part of the e-ray enters the
PMT due to misalignment and if the ratio of the e-ray
to the o-ray is a, the total intensity at the PMT will be
I = |Eu |2 + a|Ev |2
2
2
∼ (1 − a)(1 − γA
) cos2 (A − P ) + γA
+a

(9)

when γP = 0. The above equation has a similar form to
Eq. (6), showing that this mixture of the e-ray causes
only a change in the curvature and the minimum value
of the parabola, not a shift of the extinction angle even
though optical activity has wavelength dependence.
We finally consider the case in which the e-ray out of
a polarizer is not deviated sufficiently so as to enter the
analyzer prism and reach the PMT finally. Then, the
Jones matrix is
µ 0¶ µ
¶µ
¶
Eu
1 −iγA
cos A sin A
=
0 0
− sin A cos A
E0v
µ
¶µ
¶
iγP
cos P − sin P
×
E0 .
(10)
sin P cos P
1

Fig. 4. Analyzer angle at the minimum intensities according to a when γP = 0 and γA = 0.001.
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a in Eq. (11) is 0.0025 while it is 0.0001 at 4 eV. It is
surprising to observe such a significant shift of the extinction angle for such a small mixture of the e-ray into
the o-ray, indicating that high accuracy is needed in the
manufacturing of high-precision prisms.

IV. CONCLUSIONS
We investigated the spectral dependence of the extinction angles of the prisms used in spectroscopic ellipsometry. An unusual phenomenon in which the extinction
angles of prism polarizers shifted was observed. To interpret this, we performed a Jones matrix calculation to
simulate several cases of imperfect alignments and the
mixtures of o- and e-rays. We found that if the e-ray
was included in the main beam by multiple reflections
or imperfect manufacturing of prisms, the extinction angles of prisms could be affected and could have spectral
dependence. We also found that the amount of shift was
proportional to the amount of mixing, which explained
the curvature of the spectral shift qualitatively.
Fig. 5. (a) Spectral dependence of the refractive indices
of MgF2 and crystal quartz (SiO2 ). (b) Deviation angle of a
quartz Rochon prism for different energies.

Rochon prism’s deviation angle as shown in Fig. 5(b).
When the deviation angle is small, complete removal of
the e-ray might not be easy, so the overlap parameter
a can be nonzero and cause a shift in the extinction
angle. Since the relationship between the a-value and
the shift of the extinction angle is linear, as shown in
Fig. 4, we conjecture that the spectral dependence of
the deviation angle of a prism can affect the amount of
incomplete separation of the e-ray, which results in a
shift in the extinction angle of a prism. Different from
Glan-Thompson type-prism for which the e-ray deflects
away, Rochon prisms only deviate the e-ray [9], so there
is some possibility that back reflection and multiple reflections inside the Rochon prism can cause a mixture
of e-ray. Many manufacturers add obliquely cut edges
on both end sides of the Rochon prism to minimize the
unwanted deviation of the o-ray. Therefore, back reflections by these triangular wedges can also cause such a
mixture, we assume. Since not all the Rochon prisms
show this consistent shift, as shown by the solid circles
and open triangles in Fig. 3(a), we finally attribute this
shift to imperfect manufacturing of the prisms. Fig. 3
also shows that the observed shift of the extinction angle
can be a measure of imperfect manufacturing. For the
case of the MgF2 polarizer and quartz analyzer configuration, as shown in Fig. 3, at 2 eV when the shift of
the extinction angle is 0.145 degree, the mixture value
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