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Microstate Counting of 3-Charge Black Hole from Supergravity
Yunseok Seo∗ and Sang-Jin Sin†
Department of Physics and Research Institute for Natural Sciences, Hanyang University, Seoul 133-791
We construct a singly wound NS1-NS5-P system by a solution-generating method. This solution
is dual to the smooth D1-D5-P black hole system whose moduli space is determined by a single
function. By studying the microstate counting of a 2-charge black hole, we propose the possibility
of the microstate counting of a 3-charge black hole from the supergravity solution.
PACS numbers: 84.40.Ik, 84.40.Fe
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I. INTRODUCTION
There is a long-standing problem with black hole entropy. From general relativity, black holes have a spacetime singularity behind the horizon. The entropy of such
a black hole is equal to [1]
SBek =

A
,
4G

(1)

where A is the area of the horizon. Statistical mechanics
then suggests that there should be eS states of the black
hole, but the geometry of the black hole is completely determined by its mass, charge and angular momentum : so
called ‘Black holes have no hair’. This statement implies
that the entropy of the black hole is S = ln 1 = 0. This
is the ‘black hole entropy puzzle’, which is closely related
to the ‘black hole information problems’. String theory
has a rich structure and admits black-hole solutions in
higher dimensions [2–4]. Then, the black holes in string
theory may give an understanding of these puzzles.
Black holes in string theory are widely studied by using
a chiral null model [5–11]. This model provides a class
of exact solutions of oscillating strings in various cases.
From these solutions, Mathur proposed the ‘fuzzy ball’
conjecture for the black hole [12, 13]. He constructed a
geometry of the two-charge black hole by performing a
chain of duality transformations from the metric of the
oscillating fundamental string. The result gives a family
of geometries for the D1-D5 system characterized by a
single function F~ , the vibration profile of the fundamental string. Moreover these geometries have no horizons
and no singularity which corresponds to the so-called
‘black hole microstate geometries’. By quantizing the
single function F~ , we can obtain the number of geometries for the black hole [14]. This result agrees with the
one from the calculation in the CFT side.
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Now we will consider black holes which carry three
charges (D1, D5, and momentum). There have been
several attempts to find smooth geometries for the threecharge black hole by using spectral flow from the smooth
D1-D5 system [15], by taking the extremal limit of a Tdualized and boosted rotating 5-dimensional black hole
[16–18], and by using the KK-monopole [19, 20]. However, all the results represent one of the microstate geometries. To count a microstate, we have to construct a
general solution of a smooth 3-charge system.
In Section II, we will construct a solution of a general
3-charge system by using a solution-generating method
[11,21]. In Section III, we will review microstate counting for the 2-charge system [14]. In Section IV, we will
discuss further projects.

II. SOLUTION GENERATING METHOD
In this section, we try to find a solution for the NS1NS5 system which carries arbitrary left-moving oscillations. We start from the 10 dimensional metric, dilaton
and anti-symmetric 2-tensor of the solution describing a
fundamental string lying within the solitonic 5-brane as
follows [22]:
ds2 = −H1−1 (~x)dudv + d~y · d~y + H5 (~x)d~x · d~x,
e2φ = H1−1 H5 ,
Buv = H1−1 ,
Hmnk = −mnkl ∂l H5 ,
Q1
Q5
H1 = 1 + 2 ,
H5 = 1 + 2 ,
(2)
r
r
where u = t − y1 , v = t + y1 , the NS1 string lies on y1
direction, the NS5 brane lies on y1 and ~y = (y2 , · · · , y5 )
directions, xi are the transverse coordinates, and r is the
radial distance in the transverse space. In the Einstein
frame, the metric in (2) becomes
ds2E = e−φ/2 ds2
−3/4 −1/4
1/4 3/4
= −H1
H5
dudv + H1 H5 d~x · d~x
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1/4

−1/4

+ H 1 H5

d~y · d~y .

(3)

To get a solution, we use a solution-generating transformation [11, 21]. By using this transformation, we can
construct a general class of macroscopic string solutions
with traveling waves. The solution generating transformation can be applied to any solution of the equation
of motion which admits a null Killing vector k µ that is
hypersurface-orthogonal. This means that the vector k µ
satisfies the conditions
k µ kµ = 0
∇(µ kν) = 0
k[µ ∇ν kρ] = 0.

˙
˙
u = u0 − 2F~ · ~x0 + 2F~ · F~ −

∇ν kν = k[µ ∇ν] ln M.

Ḟ 2 dv

~x = ~x0 − F~

(10)

where the dot indicates a derivative with respect to v
¨
and f~(v) = −2F~ .
The metric and other fields in the string frame become
(we drop the prime after transformation (10))
1 h
˙
− dudv + 2 (1 − H1 H5 ) F~ (v) · d~xdv
ds2 =
H1
i
˙
− (1 − H1 H5 ) F~ (v)2 dv 2 + H5 d~x · d~x + d~y · d~y
Buv =

(5)

We define the new metric g̃µν by
g̃µν ≡ gµν + M T kµ kν ,

(6)

k µ ∇µ T = 0
∇µ ∇µ T = 0,

(7)

then the set of (g̃µν , φ, Bµν ) will also be the solution
of the equation of motion. The NS1-NS5 solution (2)
admits two such Killing vectors, ∂/∂v and ∂/∂u, with
M = −H1−1 , so the generating technique can be used to
construct waves that are right-moving and left-moving,
respectively. For a left-moving wave the resulting solution is given by

1 
dudv − T (v, ~x)dv 2 + H5 (~x)d~x · d~x
H1 (~x)
+d~y · d~y ,

ds2 = −

H5
H1

Q1
|~x − F~ (v)|2
Q5
H5 = 1 +
,
|~x − F~ (v)|2

(11)

where we put p(v) = 0, because we assume that all the
momentum is carried by oscillation of NS1-NS5 branes.
This solution can be interpreted as a momentum carried as travelling waves on the NS1-NS5 system, i.e. 3charge NS1-NS5-P system. The wave carried by these
two branes is described by a transverse displacement profile F~ . Here, H1 and H5 are determined by the same
profile function F~ because this system can be regarded
as a NS1-NS5-P bound system. The metric in (11) can
be written in the following form:
ds2 =


1 
−dudv + Kdv 2 + 2Ai dxi dv
H1
+ H5 d~x · d~x + d~y · d~y

(12)

"

(8)

2

where ∂ is the Laplacian operator in the flat transverse
space ~x. The general solution of the transverse Laplace
equation is given by
~ · ~x + p(v)r−2 .
T (v, ~x) = f (v)

Bvi = (H1 H5 − 1) Ḟi

H1 = 1 +

e2φ = H1−1 H5 ,
Hmnk = −mnkl ∂l H5 ,
Q5
H5 = 1 + 2 ,
r

1
,
H1

Hmnk = −mnkl ∂l H5
e2φ =

where gµν is the metric in the Einstein frame (3). If the
scalar T satisfies the equations

(9)

Only the first term in (9) matches onto a string and NS5brane source corresponding to an oscillating string. The
second term does not match onto a classical string source;
asymptotically it corresponds to a momentum wave without oscillations. To make the solution (9) asymptotically
flat, we have to perform the following coordinate transformation:
v = v0

v0

(4)

Then, there is a scalar M such that

Buv = H1−1 ,
Q1
H1 = 1 + 2 ,
r
∂ 2 T (v, ~x) = 0,

Z

#
Q1
Q5
Q1 Q5
Ḟ 2 (v)
K=
+
+
|~x − F~ (v)|2
|~x − F~ (v)|2
|~x − F~ (v)|4
"
#
Q1
Q5
Q1 Q5
˙
Ai = −
+
+
F~ i .
|~x − F~ (v)|2
|~x − F~ (v)|2
|~x − F~ (v)|4
The solutions (11),(12) describe a single strand of NS1
and NS5 branes carrying a momentum with the form of
a traveling wave. This is the main result of this paper
which should be used to count the microscopic entropy
for a 3-charge system.
We will consider the simple case of a NS1-P system
(Q5 = 0). In the case of a single NS1-brane wrapping
on the y1 circle n1 times and carrying a momentum, the
metric in (12) becomes
ds2=


1 
−dudv + Kdv 2 + 2Ai dxi dv + d~x · d~x,
H1
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H1= 1 +

Q1
|~x − F~ (v)|2

,

K=

Q1
|~x − F~ (v)|2

s

n1
(s)
X
Q1 Ḟ (s)2 (v)
K=
,
|~x − F~ (s) (v)|2

(14)

s

(s)

where Q1 = Q1 /n1 . With the y1 direction compactified
on the circle, all the strands in 2πRs ≤ v < 2πR(s + 1),
(s = 0 · · · n − 1), do not locate on top of each other,
but the end of one strand is at the same position as the
start of the next strand. If we open up the multi-wound
string by going to the n1 fold cover of S 1 , then the NS1brane is described by the single profile function F~ (v),
with 0 ≤ v < 2πRn1 .
To make a simplification, we take a so called ‘black
hole’ limit, which is defined by
n1 , np → ∞,

(15)

while the moduli such as g, R, V are held fixed [12].
We also assume that the wavelength of the vibrations
is much longer than the length of the compactification
circle. In this case, neighboring strands give very similar
contributions to the harmonic functions in (14), and we
may replace the sum by an integral:
Z 2πRn1
n1
X
1
→
dv.
(16)
2πR v=0
s=1
Then, (14) becomes

1 
−dudv + Kdv 2 + 2Ai dxi dv + d~x · d~x,
ds2 =
H1
Z 2πRn1
Q1
dv
H1 (~x) = 1 +
2πRn1 0
|~x − F~ (v)|2
Z 2πRn1
2
Ḟ (v)dv
Q1
.
(17)
K(~x) =
2πRn1 0
|~x − F~ (v)|2
Now we will discuss the momentum charge from (17).
Since the y direction is compactified by 2πR, there is
no momentum charge in the non-compact (1-dimensinal
lower) space. This momentum charge appears as an electric charge in the non-compact space. Moreover, the
scalar potential in the non-compact direction is the same
as the K function in the higher dimension. Therefore,
we can extract the momentum charge from K in (17):
Z
Q1 L
Qp =
Ḟ (v)2 ,
(18)
L 0
where L ≡ 2πRn1 .

III. COUNTING MICROSTATES

Ḟ 2 (v). (13)

Now we consider that there are many strands of the NS1
strings carrying different vibration profiles F~ s (v). In this
case we can obtain the metric of all the strands by superposing the solutions for the individual strands. Thus,
we get

1 
ds2 =
−dudv + Kdv 2 + 2Ai dxi dv + d~x · d~x,
H1
n1
(s)
X
Q1
H1 (v, ~x) = 1 +
|~x − F~ (s) (v)|2

-S115-

In this section, we will count the number of microstates
in the NS1-P system by quantizing the shape of the configuration of this system. This procedure can also be
applied for the microstate counting for the 3-charge system.
Now we will quantize the profile function F~ (v). The
NS1-brane (fundamental string) is quantized by using
the quadratic action
Z 

0
1
(19)
Ẋi2 − Xi 2 dτ dσ,
4π
and thus satisfies the commutation relation
h
i
Xi (σ), Ẋj (σ̃) = 2πiδ(σ − σ̃)δij .

(20)

~ = F~ , so the profile funcThe NS1-brane is located at X
tion also satisfies the above commutation relation. The
commutation relation of its chiral component is 1/2 of
that:
h
i
Fi (v), Ḟj (v 0 ) = iπδij δ(v − v 0 ).
(21)
Then we can expand F~ (v) into quantum oscillators:
F~ (v) =

∞

X
2πik
2πik
1 
√
~ak e L v + ~a†k e− L v
2k
k

ij
0
[aik , aj†
k0 ] = δ δkk .

Then,
DZ
0

L

E (2π)2
: Ḟ 2 : dv =
NOSC ,
L

(22)

(23)

where
NOSC =

∞
X

kh~ak · ~a†k i.

(24)

k=1

By substituting (18) into (23) and using Qp = np /R and
Q1 = n1 R, we can get
NOSC = n1 np .

(25)

Thus the degeneracy of states is equal to the degeneracy
of the n1 np level:
 r

c
Γ ∼ exp 2π
n1 np .
(26)
6

IV. DISCUSSION
In this paper, we obtained a general solution of a singly
wound NS1-NS5 system carrying a momentum with the
form of a traveling wave (12). We also reviewed the
construction of the multiply wound NS1-P system by
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integrating along the strings in opened-up space and calculated the number of microstates of such a system by
quantizing the profile function F~ (v). In order to count
the number of microstates for a 3-charge system, we need
a solution for a bound system of fractional NS1 brane
and fractional NS5 brane. However, there are no welldefined supergravity solutions for such a system. To get
an exact solution for a 3-charge system, we have to solve
the full equations of motion from the vanishing Weyl
anomaly-coefficients condition for the general chiral null
model. We propose that this solution will give a smooth
geometry for the 3-charge black hole by duality transformation and we can count the microstate geometries
of this system. A study for finding a general solution
for the 3-charge system is now in progress and will be
reported. By studying the microstate geometry of a 3charge black hole, we may get an understanding of the
black hole entropy problem.
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